We have measured the thermal conductivity of seven germanium crystals with different isotopic compositions in the temperature range between 2 K and 300 K. These samples, including one made of highly enriched 70 Ge͑99.99%͒, show intrinsic behavior at room temperature with the exception of a p-type sample with
I. INTRODUCTION
The thermal conductivity of diamondlike semiconductors and insulators, especially of Ge, has been the object of many experimental and theoretical studies. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] Early experiments indicated the existence of a maximum m near TϷ0.05 (: Debye temperature͒ which was attributed to the increase of the thermal conductivity with T in the low temperature region ͑governed by T-independent boundary scattering and the T 3 dependence of the specific heat͒, followed by the decrease at higher temperatures due to phonon decay resulting from anharmonic Umklapp processes. 12 Near the maximum, the thermal conductivity m is particularly sensitive to sample imperfections and impurities. In the usual model of the thermal conductivity of insulating materials, in which the heat is carried exclusively by phonons, a Boltzmann equation with a relaxation time approximation is used. In this case the scattering cross sections can be calculated by perturbation techniques. 6, 13 In such a treatment, the temperature and frequency dependences of anharmonic three-phonon processes are strongly affected by details of the phonon branch and anharmonicity constants: The expressions derived for the relaxation times are only valid for specific phonons in a limited temperature range.
14, 15 Callaway, [16] [17] [18] and later Holland, 19 presented the most widely used formulation for (T) that should enable fitting of the data for a large number of materials with a few adjustable parameters. For undoped and isotopically pure Ge and Si four scattering mechanisms were postulated: Scattering by the sample boundaries, crystaldefects ͑e.g., impurities͒, normal three-phonon processes, and Umklapp processes. ͑For very pure samples scattering by dislocations must also be considered.͒ Since the early work of Pomeranchuk, 20 demonstrating the role of isotopes as phonon scatters with a resulting influence on the thermal conductivity, and the work performed by Geballe and Hull 21 it has been known that the maximum thermal conductivity m is strongly affected by the isotopic composition. This fact has received considerable attention in recent years for the case of diamond: An Ϸ1% reduction of the 13 C content in natural diamond enhances m ͑which occurs near liquid nitrogen temperature͒ by 50%, a useful result if diamond is employed as a substrate for heat dissipation purposes. [22] [23] [24] Geballe and Hull observed an increase in the m of an enriched 74 Ge sample ͑with 95.8% of 74 Ge͒ by a factor of 3 with respect to natural germanium. 21 Many physical properties of a solid are affected by its isotopic composition. [25] [26] [27] [28] The recent availability of macroscopic quantities of isotopically pure Ge has enabled the growth of high purity single crystals with tailor-made isotopic compositions. 26, 29 This has triggered intensive studies of the optical and vibrational properties ͑Raman and neutronscattering, infrared transmission, etc.͒ of isotopically disordered Ge. 27, [30] [31] [32] [33] [34] Isotopic substitution does not only modify the average isotopic mass but creates ''perfect'' point defects, producing mass disorder that should drastically influence the phonon lifetime. Natural Ge is ideal for studying such disorder-induced scattering processes because it is composed of five isotopes with sizable abundances. Mass defect scattering in an elemental crystal belongs to the rare cases in which phonon scattering can be calculated analytically with-out stringent assumptions. Klemens 35 derived for such scattering a mean free path L I ϳgT 4 , where g denotes the isotopic mass variance:
͑1͒
In Eq. ͑1͒, c i and M i represent the concentration and the mass of the constituent isotopes, respectively. In the past four decades, however, only few investigations have been reported on the effect of isotopic composition on thermal conductivity. Measurements for LiF, 36 Ge, 21, 37, 38 and diamond 22, 23, 39, 40 were performed in the temperature range between 4 K and room temperature or higher. Studies of solid 4 He, 41, 42 LiF, 36, 43, 44 Ne, 45, 46 and B 4 C, 47 cover only a rather limited temperature range. Effects similar to those caused by isotopic disorder are produced by very heavy isolated impurities in quantum crystals, e.g., Ar, Ne in parahydrogen. 48, 49 At low temperatures ͓TϽ(/50)͔ the thermal conductivity is proportional to T 3 , which corresponds to scattering of phonons at the sample surface ͑boundary scattering͒. 50 In this range, further interesting effects that lead to a deviation from the T 3 behavior have been predicted and observed. They involve the dependence of on sample dimensions when the length is finite, [51] [52] [53] [54] [55] [56] and on sample orientation because of phonon focusing ͑a result of the elastic anisotropy͒. [57] [58] [59] Also, partly specular reflection 43, [52] [53] [54] [55] [56] [59] [60] [61] [62] [63] as obtained for high quality surfaces, and dislocation effects, 2, 13, 35, 53, 60, 64 can influence the T 3 law. In this paper we present a systematic investigation of the thermal conductivity for seven samples of germanium, in the temperature range between 2 K and 300 K where the isotopic composition covers the range from highly enriched 70 Ge͑99.99%͒ to 70/76 Ge, the composition which exhibits the largest isotopic mass variance g. We show that for the 70 Ge͑99.99%͒ sample (gϷ1.0ϫ10 Ϫ7 ) m reaches values as high as 10.5 kW/mK, whereas the most disordered composition (gϷ1.5ϫ10 Ϫ3 ) displays a 14 times lower thermal conductivity ͑0. 75 kW/mK͒. We analyze our data in the framework of various models: Callaway's theory, 16 Holland's theory, 19 and a modified Callaway/Holland theory where we distinguish between scattering mechanisms for transverse and longitudinal phonons. The thermal conductivity results for the different samples ͑we also included the experimental data for 74 Ge measured by Geballe and Hull͒ are then described reasonably well as a function of g using a single set of six fitting parameters: Two for normal three-phonon processes ͑one for longitudinal, another for transverse phonons͒ and four for transverse and longitudinal Umklapp processes. Two additional parameters which determine boundary and isotopic scattering are not adjusted but fixed by sample size and isotopic composition, respectively.
The theoretical picture shows that normal phonon scattering, rather than Umklapp processes, plays the critical role for the determination of the phonon mean free path for most samples in our temperature range. The isotopic effect, even observed near room temperature, is consistent with the theory. 16, 19 For the highly enriched 70 Ge͑99.99%͒ sample, an additional process, such as scattering by dislocations, must influence the maximum of the thermal conductivity. We also consider the effects of sample length, specularity, and phonon focusing, and study the influence of different surface conditions ͑polishing and etching͒ on the thermal conductivity in the lowest temperature range. In Sec. II the experimental techniques and the samples used are discussed. Section III presents the experimental results for samples with various isotopic compositions and different surface treatments. These results are analyzed in Sec. IV after outlining the theoretical state of the art. We also discuss the modifications we had to introduce in the theories of Callaway and Holland in order to improve the fits to the experimental data. Finally, the influence of various surface treatments is analyzed. In Sec. V, a discussion of the results is given and in Sec. VI the conclusions are summarized.
II. EXPERIMENTAL DETAILS
The preparation of the Ge samples has been described elsewhere. 26, 32 The measured samples and their characteristic parameters are listed in Table I . With regards to doping, sample 70 Ge͑99.99%͒ is one of the most perfect Ge crystal ever made, the concentration of electrically active impurities being lower than 10 11 cm Ϫ3 ͑after 33 times zone melting͒. The 70/76 Ge sample has been grown for the purpose of maximizing isotopic disorder. None of the samples was intentionally doped; they had a carrier concentration of less than 10 14 cm Ϫ3 at room temperature, with the exception of 70 Ge͑95.6%͒ which had 2ϫ10 16 holes/cm 3 . For details about the surface treatment see Table I ͑standard was grinding with 20 m grit diamond powder unless otherwise specified͒.
The thermal conductivity measurements were made at the Max-Planck-Institute in Stuttgart ͑the experimental setup is briefly described here͒ and at the Kurchatov Institute in Moscow, both using conventional equipment. 65, 66 A steady-state heat flow ⌽ is created along the rod-shaped sample with a cross-sectional area A. For this purpose, an electrical heater ͑a strain gauge, 300 ⍀) is attached to one of the sample ends while the other end is in good thermal contact ͑screwable clamp device with an interlayer of In foil͒ with a heat sink at variable temperatures. A thermocouple ͑Au-0.07%Fe͒ detects the temperature gradient along the sample ͑in Moscow two calibrated carbon resistors were used instead͒. The thermal conductivity (T) at an average temperature 1 2 (T 1 ϩT 2 ) is then calculated from the relation: ⌽ϭ(T)A(⌬T/⌬x), where ⌬TϭT 1 ϪT 2 is the temperature difference measured between the two thermometers a distance ⌬x apart ͑see Table I͒ in the presence of the heat flux ⌽. The temperature difference between the heater and the heat sink is measured by a second thermocouple ͑also Au-0.07%Fe͒ that enables us to evaluate the heat resistance between the sample and the heat sink, to determine the average temperature of the sample ͑according to sample geometry and temperature of the heat sink͒, and to control the thermal stability of the system. In all cases, the thermometers were kept at least two sample widths away from the ends of the sample in order not to introduce any significant anomalies in the temperature distribution over ⌬x. The sample is surrounded closely by a temperature controlled heat-shield kept at the temperature of the heat sink.
TABLE I. Parameters of the Ge samples, with various isotopic compositions, for which (T) has been measured. The abbreviations O,I denote the principal direction closed to the long axis of the sample and its deviation from this direction. ⌬x is the distance between the two arms of the differential thermocouple. The variance g is defined in Eq.
͑1͒.

Isotopic Mass
Composition We imposed a temperature gradient along that shield which matches exactly the one in the sample. The following procedure is employed: ⌬T 0 is measured in thermal equilibrium for ⌽ϭ0, then the heater is switched on and ⌬T is measured for nonzero heat flow. The temperature differences ⌬T are held below 0.005T for TϾ10 K and 0.01 T for TϽ10 K. Serious errors can occur due to radiative heat loss by heat radiation in the high temperature range (TϾ80 K͒. To avoid such systematic errors, in addition to using a carefully temperature-controlled heat shield we measured at selected temperatures for various heater powers applied to the sample and verified that the law ⌬Tϰ⌽ is obeyed. The measurements have an overall absolute accuracy of 5% ͑the relative error is smaller͒: Errors due to geometrical factors amount to Ϯ3% ͑dominant error͒, while ⌬T is known to Ϯ2%.
III. EXPERIMENTAL RESULTS
The thermal conductivities versus temperature measured for various isotopic compositions ͑see Table I͒ are displayed as log-log plots in Fig. 1 Ge͑99.99%͒ and nat Ge1, were measured with the two different experimental setups, in Stuttgart and in Moscow ͑results labeled S and M ). The S and M data show a striking agreement ͑to within Ϸ1.5%͒ in most of the temperature range. ͓Between 200 K and 300 K, however, our values of the thermal conductivity lie higher (р 10%͒ than those obtained in Moscow; because of the nearly perfect agreement between the Moscow data and those in Ref. 5 we believe that our data in this region are less reliable than those taken in Moscow.͔ The maximum of (T) amounts to 10.5 kW/mK near 16.5 K for 70 Ge͑99.99%͒, which is the highest value of measured for Ge, higher than the thermal conductivity maximum of sapphire ͑6 kW/mK near 35 K͒ and comparable to that of silver ͑11 kW/mK near 8 K͒. Comparable or higher conductivities have been reported for isotopically enriched diamond, 22, 23 sapphire, 67 LiF, 36, 43 and also for NaF. 68 The isotopically most disordered sample shows, as expected, the lowest thermal conductivity measured for undoped germanium ͑0.75 kW/mK near 14.5 K͒. In this sample the isotopic scattering is dominant, in contrast to the pure 70 Ge͑99.99%͒ where it becomes negligible. Results for the 70 Ge͑95.6%͒ sample, which has a different geometrical size and a much higher carrier concentration than the others ͑see Table I͒ is shown later in Fig. 7 . Figure 2 displays some of the thermal conductivities of natural Ge so far reported in the literature, 6, 7, 21 together with our data. With the exception of sample 70 Ge͑95.6%͒, all samples have a similar geometry ͑within 10% equal cross-sectional dimensions and identically prepared surfaces͒. They were cut with a diamond saw and the surfaces lapped with a 20 m diamond powder slurry.
The overall features of the (T) curves displayed in Figs. 1 and 2 are those found for defect-free insulators: The T 3 behavior at sufficiently low temperatures, due to boundary scattering, and a maximum resulting of normal and Umklapp phonon processes which lead to a 1/T dependence above 100 K ͑see Figs. 1 and 2͒. We note the following typical features:
͑a͒ We observe a systematic drastic overall decrease of (T) when the isotopic disorder is increased along the sequence Ge͑96.3%͒, 76 Ge, nat Ge1, and 70/76 Ge ͑the latter has the largest isotopic mass variance possible for stable Ge isotopes͒. The maximum thermal conductivity m of 70/76 Ge is 14 times smaller than that of 70 Ge͑99.99%͒, see Table I . The value of m for natural Ge is increased by a factor of ϳ8 in the 70 Ge͑99.99%͒ sample. The increase of , however, is only 30% at 300 K. m varies monotonically with the mass variance g, with the exception of sample 70 Ge͑95.6%͒. This is shown in Fig. 3 ͑b͒ The maximum of (T) shifts slightly to higher temperatures with increasing isotopic purity ͑as predicted by theory͒. 68 ͑c͒ The strong influence of isotopic disorder on is clearly displayed over the entire temperature range in which (T) was measured. All samples tend to reach a T 3 dependence at the lowest temperatures ͑see T 3 line in Figs. 1 and 2͒; however, this limit is reached only for the isotopically pure 70 Ge͑99.99%͒ sample near and below 4 K. The other samples follow a temperature dependence between T 2 and T 3 , depending on the specific surface preparation techniques which will be discussed in Sec. IV D.
͑d͒ The present data for nat Ge1 and nat Ge2, displayed in Fig. 2 , join smoothly existing measurements for undoped Ge of high crystalline perfection. [7] [8] [9] Our samples were subjected to different surface treatments before measuring the thermal conductivity. The results, shown below, will be discussed in Sec. V.
͑e͒ Sample 70 Ge͑95.6%͒, doped unintentionally with Ga and having 2ϫ10 16 holes/cm 3 , has values approximately four times lower than the other samples in the boundary scattering range. These values are in agreement with existing data for p-type Ge 6,9,10 ͑e.g., with In doped Ge with pϷ10 16 cm Ϫ3 ). This decrease in thermal conductivity is attributed to phonon scattering by electronic excitations in the dopants.
IV. ANALYSIS OF THERMAL CONDUCTIVITY VERSUS TEMPERATURE
In view of the high purity (͉N d -N a ͉Ͻ10 14 cm Ϫ3 )-with the exception of sample 70 Ge͑95.6%͒-and crystalline perfection of our samples, we consider only four scattering mechanisms: Normal three-phonon scattering (N), threephonon Umklapp processes (U), boundary scattering (B), and isotopic mass fluctuations ͑point defects͒ (I). The parameters for the two latter mechanisms are taken to be fixed by theory and are therefore not adjustable. Dislocation scattering will also be considered.
Point defect scattering from isolated atoms of different mass, either different isotopes or different elements with very similar force constants, is one of the rare cases which for phonons can be calculated analytically without adjustable parameters. Klemens 35 obtained a scattering rate ͑similar to the familiar Rayleigh scattering of photons͒ 
a Fit to all samples with the same parameters, without including dislocation scattering.
b
Like footnote ''a'' but including dislocation scattering.
with the constant A containing the mass variance g, the volume per atom V, and an averaged sound velocity v B . Equation ͑2͒ corresponds to a Debye-like phonon density of states D()ϳ 2 which, although only approximate, 69 will be shown to suffice to account for the global experimental results.
Boundary scattering leads at low temperatures to a T 3 dependence of , the prefactor being determined by the geometrical size of the sample and the details of the surface. The scattering rate can be written:
where L E represents an effective phonon mean free path, of the order of the cross-sectional dimensions, that includes effects resulting from sample size, geometry, aspect ratio, phonon focusing, specular/diffuse reflection at the surface, etc. It is important to determine the value of L E as precisely as possible from the low temperature data for two reasons: ͑a͒ L E is later introduced in the theories as a fixed, nonadjustable length, which influences the (T) curves in the entire temperature range, ͑b͒ in order to detect and interpret effects of specularity and phonon focusing.
In the following we analyze the experimental data in the framework of the widely used scattering theory of (T) formulated by Callaway 16 and the modifications introduced by Holland. 19 We found it necessary to develop a modification of Callaway's formulation in order to represent the (T) curves by a single set of fitting parameters valid for all samples, independent of their isotopic composition. We also describe the theoretical background used for the analysis of (T) in surface-treated samples. We have determined the fit parameters B i by a nonlinear regression procedure for each sample. Then a single optimized parameter set, the same for all samples, was found by systematic variation of the B i 's in order to achieve the best representation of the experimental values for all samples over the entire temperature range with the given theory, whereby preference was given to a good fit in the region near m .
A. Data analysis with Callaway's model
This model assumes 16 ͑a͒ a Debye-like phonon spectrum, 70 with no anisotropies or particular structures in the phonon density of states, i.e., no distinction of polarization ͑between longitudinal and transverse phonons͒; ͑b͒ one averaged sound velocity v B ; ͑c͒ diffuse scattering at the surface of the sample ͓see Eq. ͑3͔͒; ͑d͒ normal three-phonon processes, included with a relaxation rate N Ϫ1 ϭB 2 2 T 3 , which should only be valid for low-frequency longitudinal phonons;
14 ͑e͒ three-phonon Umklapp processes assumed to have a relaxation rate like that of N processes U Ϫ1 ϭB 1 2 T 3 ; 15 ͑f͒ that all phonon scattering processes can be represented by relaxation times depending on frequency and temperature; and ͑g͒ the additivity of the reciprocal relaxation times for independent scattering processes. The total thermal conductivity can then be written as 16 ,36,53
where 1 and 2 are defined by
and
͓see also Eqs. ͑19͒ to ͑21͒ in Ref. 16͔ . In Eq. ͑7͒ k B is Boltzmann's constant, ប is Planck's constant, and N ( R ) denotes the relaxation time of N processes ͑resistive processes͒. The corresponding combined relaxation rate C Ϫ1 can be written as the sum of the normal, nonresistive rate (N) and the resistive rate (R):
In the Callaway formulation, in contrast to the earlier models of Klemens 15 and Ziman, 61 all resistive scattering probabilities are taken to be additive (1/ R )ϭ͚ i (1/ i ) ͓here i represents the isotopic ( I ), the boundary ( B ), and the Umklapp ( U ) scattering times͔, i.e., the corresponding scattering mechanisms are assumed to be independent. Although N processes do not contribute directly to the thermal resistance, they are crucial in spreading out the influence of the other resistive processes to the entire phonon spectrum.
The 2 term is not only a correction term to 1 ͑as sometimes stated in the literature 16, 17 ͒ but is essential to counteract the effect of treating N processes in C as if they were entirely resistive. Consequently, 2 is a non-negligible part of Callaway's theory. Our calculations reveal that the contribution of 2 remains below 1% for the samples studied, with the exception of the pure 70 Ge͑99.99%͒ crystal for which 2 increases to 20% of the total thermal conductivity. The magnitude of 2 is essentially controlled by the concentration of point defects. In the majority of cases of physical interest resistive scattering dominates ( N ӷ R ⇒ C Ϸ R ⇒ 2 Ӷ 1 ) and only 1 is important. Therefore, in the literature, usually only the 1 term is included. ͑This is also the case in Callaway's original calculations;
16,17 after having introduced 1 and 2 , 2 was assumed to be small and therefore neglected and only 1 was kept.͒ However, when N processes become comparable to the resistive processes ( N Ϸ R ), e.g., in very pure, defect-free ͑i.e., isotopically pure͒ samples, the 2 integrals contribute significantly to the total thermal conductivity. 22 . The convexity of the calculated thermal conductivity above the maximum, describing a steeper decrease of (T) with increasing temperature than found experimentally, cannot be removed by changing the parameters. The reason can be traced to an underestimation of the U processes in that model. Instead of using an exponential function for the Umklapp scattering probability, as proposed in the literature, 12, 14, 15, 71, 72 the N processes, as well as the U processes, are represented by the same temperature and frequency dependences B 1/2 2 T 3 . The prefactors B 1 and B 2 are thus indistinguishable in Callaway's theory.
B. Data analysis with Holland's model " 2 ‫…0؍‬
In the next step, we apply Holland's theory, 19 who extended the Callaway theory to include explicitly the thermal conductivity by both transverse and longitudinal phonons, under the assumption 2 ϭ0:
͑a͒ Since the variation of the phonon relaxation times with frequency and temperature strongly depend on the actual phonon branch and its dispersion, the contributions to the thermal conductivity by the two kinds of differently polarized phonons ͑transverse and longitudinal͒, are considered separately while normal processes are taken into account for the class of crystal at hand, as suggested by Herring.
14 For an overview of the frequency and temperature dependences of the different scattering processes we refer to Table II ͑and to  Table I in Ref. 19͒. ͑b͒ A more realistic representation of the very dispersive transverse acoustic modes of Ge is used 73 ͑see below͒. It involves splitting the range of integration in two parts, a low and a high frequency range with different temperature and frequency dependences. ͑The complex behavior of the density of phonon states of Ge is shown in Figs. 2 and 3 of Ref. 73 .͒ Notice that the frequency spectrum of the T1 phonons, the lowest TA branch, has a very high peak at 2.4 THz, whereas the longitudinal acoustic modes become important only at frequencies higher than about 3.7 THz.
The four scattering mechanisms assumed for the analysis with Holland's model are chosen to have the following temperature and frequency dependence ͑see also Table II͒ :
for 0рр 3 , ͑11͒
where xϭ(ប/k B T) and T(L) represent transverse ͑longitu-dinal͒ acoustic phonons. We redefined an average of the transverse (v T ϭ3550 m/s͒ and longitudinal (v T ϭ2460 m/s͒ velocities:
Isotopic (point defect) scattering ͓Eqs. ͑2͒,͑8͔͒ gives rise to a temperature independent relaxation time with an 4 dependence. We use Aϭg3.03ϫ10 Ϫ41 s 3 , as obtained for v B ϭ3900 m/s and the values of g listed in Table I . At higher frequencies, where the acoustic dispersion becomes appreciable, the scattering rate is expected to increase with frequency faster than 4 , because the density of states grows more rapidly 69 than 2 . However, we have not found it necessary to include this effect within the accuracy of our analysis.
Boundary scattering ͓Eqs. ͑3͒,͑9͔͒ should be dominant for our Ge samples below 8 K. The values of L E used for the calculations are given in Table I . We have again used v B ϭ3900 m/s and implicitly included in L E all effects which, in addition to the sample size, may influence (T) in the boundary scattering region, such as the shape of the cross section and the aspect ratio of the sample, specular phonon reflection, phonon focusing, etc. The use of an average sound velocity v B instead of the velocities v T and v L , which depend on crystallographic direction, may be an oversimplification. We have checked, however, that this simplification does not appreciably change our results. A justification for using the average v B in the boundary and isotopic relaxation rates is given in Ref. 19 .
Normal phonon scattering ͑three-phonon processes͒ has been discussed by Herring, 14 Klemens, 35 and Ziman. 61 Herring gave the most comprehensive treatment for complicated dispersion relations. Here, we use his expressions for the corresponding low temperature transverse and longitudinal relaxation rates ͓see Eqs. ͑10͒,͑11͔͒. The discrimination between T and L modes is indispensable in order to improve data fitting. At high temperatures the N-scattering rates are negligible because of the dominant U processes. 19 Umklapp processes ͓Eq. ͑12͔͒ are taken into account for phonon frequencies between 1 ϭ1.34 THz and 2 ϭ1.57 THz, corresponding to Debye temperatures of 101 K and 118 K, the range of the highest TA frequencies of Ge. 73 We actually approximate the acoustic branch of Ge by a linear range below 1 and a frequency independent range 1 ϽϽ 2 .
The thermal conductivity is calculated using only the Callaway integral 1 
where
, and
In each of the three integrals the constants H i contain the corresponding sound velocity v i : v TO ϭ3550 m/s ͑in H TO ), v L ϭ4920 m/s, and v TU ϭ1300 m/s, respectively. We emphasize that U processes are neglected in Eq. ͑15͒ because they should not contribute below 1 ( 1 ϭ101 K͒. The term for N processes was omitted from Eq. ͑16͒ since it should be relatively small above 1 . Both assumptions have been checked to be quantitatively justified. 19 Nevertheless, the integral formulation causes each of the scattering mechanisms to be operative over a large temperature interval. Thus, the effect of varying one of the coefficients always induces modifications in the influence of the other coefficients on the thermal conductivity.
The three free adjustable coefficients-B T , B L , and B TU -have been obtained by linear regression, as outlined before. The isotopic and boundary scattering rates were fixed by Eqs. ͑2͒ and ͑3͒, the corresponding mass variance g, the effective mean free path L E , and the sound velocity v B , respectively. With this model we have been able to obtain a good representation of the thermal conductivity of all samples studied using a unique set of parameters in the temperature range 2 K to 200 K. The agreement between experimental data and fitted curves is rather good (Ϯ5%͒, as exemplified by the solid line in Fig. 2 for natural Ge. The unique set of parameters obtained from our fits is listed in Table III together with Holland's original set of parameters for natural Ge. Obviously, our set of unique fit parameters, valid for all samples, does not represent the best possible fit for an individual sample. For each sample, a better fit can be found with parameters specific to it. However, no physical meaning can be attributed to these parameters. As outlined above, it is unreasonable to suppress the 2 term in Callaway's theory when normal scattering processes are included. This makes questionable the otherwise good fits obtained in Sec. IV B for 2 ϭ0. In the 1 term N processes are implicitly treated as entirely resistive. Therefore, whenever N processes are important, one should perform the calculation of (T) with the ''full'' Callaway form ϭ 1 ϩ 2 in order to account for the nonresistive nature of the N processes. The suppression of the 2 term is only acceptable if resistive scattering processes dominate, which is usually not the case for isotopically pure and defect-free samples. Curve fitting with 1 ϩ 2 , however, is numerically 
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Umklapp Dislocation much more difficult ͑in view of poor convergence of the integrals involved͒ than treating only 1 .
We thus attempted several modifications, involving changes of the scattering processes in the models described by Callaway and Holland, suggested by scrutinizing their basic assumptions. Table II lists the temperature and frequency dependences of the various scattering mechanisms used in the different models. The mechanisms finally applied, which led to an improved description of (T) for all samples, are indicated in Table II The present study and the corresponding results for diamond 22, 23, 39, 40, 74 show that the separation of the phonon modes into transverse and longitudinal results in improved fits with a single set of parameters for the whole series of isotopically different samples available. This fact is supported by the suggestion that, up to room temperature, the transverse phonon branches yield the dominant contribution to (T). The separation into T and L modes can be performed in different ways:
͑a͒ Original Holland model: 19 The 1 term is split into transverse (2T) and longitudinal (1L) modes, whereas the transverse mode is again split in 2TO and 2TU and therefore three free adjustable parameters (B T , B TU , and B L ) are used. This model yields reasonable results, but is unacceptable on physical grounds since it assumes 2 ϭ0.
͑b͒ Modified original Holland model: The splitting of the original Holland model in transverse ͑2TO, 2TU͒ and longitudinal (1L) branches was used while keeping Callaway's 2 term. Disappointingly, no reasonable fits could be found. The calculated thermal conductivity leads to unreasonably high values of ͑above 8 K-10 K͒ that exceed the experimental values above 100 K by orders of magnitude. The ratio of the integrals ͓the ␤ term in 2 , see Eq. ͑6͔͒ is responsible for this ''mishap.'' Even the addition of longitudinal (0рϽ 1 ) or transverse (0рр 3 ) Umklapp processes, does not remedy this problem.
͑c͒ Modified Callaway/Holland model: Both terms 1 and 2 are kept and the distinction into transverse (2T) and longitudinal (1L) modes is used in analogy to Holland's calculations. This procedure introduces, in contrast to model ͑a͒, one more free-adjustable prefactor B LU representing longitudinal Umklapp processes. In this model longitudinal U processes are decisive for ensuring the decrease of (T) at higher temperatures and it is essential for the fits to the data as pointed out earlier. 69, 75, 76 In conclusion, N processes and also U processes involving transverse and also longitudinal phonons are needed for the calculation of the total thermal conductivity 1 ϩ 2 .
Some of the arguments given by Holland to justify neglecting longitudinal U processes are not expected to hold at higher temperatures (TϾ100 K͒; all fitting attempts we made indicate that longitudinal Umklapp processes are indispensable. The splitting of the transverse acoustic branch in two frequency ranges, however, seems to be unnecessary. Moreover, better results 12, 14, 15 were found using the exponential function (B iU exp
, with iϭT,L) for all Umklapp scattering processes instead of the sinh(x) dependence, proposed by Holland. 19 We also tried an approach suggested by Berman 53 for calculating the (T) of pure samples, in cases when N processes are dominant and resistive processes are present. Then C is mainly determined by N , this means C Ϸ N , consequently, 2 ӷ 1 and therefore 2 alone should describe the total thermal conductivity. This procedure works for the 70 Ge͑99.99%͒ sample, although in the region of m the agreement between the calculations and the measured data is not as good as achieved with Holland's model ͑the calculated values are too large͒. The deviation between measurement and calculations increases with increasing g. With this assumptions also Olson et al. 22 tried to fit their data of natural and enriched diamond, but this led to an incorrect temperature dependence for one or the other specimens.
The final form chosen to fit the experimental (T) data ͑''Model 1''͒ is very similar to the formalism applied by Wei et al. 23 to describe the thermal conductivity of isotopically modified diamond. We start with the Callaway integrals, ϭ 1 ϩ 2 , Eq. ͑4͒, using two transverse (2T) and one longitudinal (L) branch and integrate up to 118 K for the transverse and up to 333 K for the longitudinal modes, with N and U processes for each mode. The relevant temperature and frequency dependences are listed in Table II Table III and constitute a single set of parameters which describes reasonably well the thermal conductivity of all isotopically modified Ge samples ͑including also data from the literature͒ in the temperature range between 2 K and 300 K. The experimental data for all investigated Ge samples, and the (T) curves calculated with this parameter set are shown in Fig. 4 . This figure probably contains the most comprehensive description of thermal conductivity as a function of isotopic composition ever obtained. The agreement between the experiments and the model calculations is good. Deviations between calculated and experimental curves occur above 200 K for all samples, and near m especially for the isotopically pure 70 Ge͑99.99%͒ ͓Fig. 4͑a͔͒. The discrepancies above 200 K may be either due to systematic experimental errors ͑e.g., insufficient temperature control of the heat shield͒ or to shortcomings of the theoretical model ͑it may be that the use of different temperature and frequency dependences for the considered scattering mechanisms can solve this problem͒.
The disagreement for the 70 Ge͑99.99%͒ curve ͓Fig. 4͑a͔͒ in the region of the maximum, however, must be explained by introducing other scattering mechanisms. A plausible mechanism active in the range below 50 K is scattering by dislocations ͑it is hard to pinpoint other scattering processes acting in this temperature range͒. Theories for phonon scattering from single dislocations predict a linear frequency dependence ( D Ϫ1 ϳ). 2, 13, 35, 53 We therefore added to ''Model 1,'' used to perform the curve fitting shown in Fig. 4 , terms for the scattering of the transverse and longitudinal phonons by dislocations:
The fitted values of the two new coefficients B TD and B LD , are listed in Table III as ''Model 2'' ͑the other six parameters were left the same as in ''Model 1''͒.
A comparison of the fitted curves, with and without dislocation scattering, is given in Fig. 5 Ge ͑b͒. The thermal conductivity of the isotopically very pure sample 70 Ge͑99.99%͒ is much better represented with ͓dot-dashed line in Fig. 5͑a͒, ' 'Model 2''͔ than without dislocation scattering ͓solid line in Fig. 5͑a͒ , ''Model 1''͔, whereas the differences between ''Model 1'' and ''Model 2'' are indistinguishable for the case of sample 70/76 Ge ͓Fig. 5͑b͔͒ and for all other isotopic compositions. The possible presence of a small amount of dislocations, comparable to that seen in 70 Ge͑99.99%͒, affects the calculated (T) only when the sample is isotopically pure ͑see discussion in Sec. V͒.
In conclusion, the modified Callaway/Holland integrals seem to provide a physically sound and accurate formulation for the representation of the temperature and isotopic dependences of the thermal conductivity of germanium and diamond. We note that for diamond 23 14 In view of the ratio of the Debye temperatures of germanium and diamond ( T Ge ϭ118 K and L Ge ϭ333 K, T C Ϸ2150 K and L C Ϸ2940 K͒ and the position of m on the temperature scale ( m Ge Ϸ15 K, m C Ϸ100 K͒, the normalized fitting range for our Ge samples is about six times larger than that for diamond.
D. Thermal conductivity in the boundary scattering region
Surface treatment
Crystallographic orientation and surface treatment, together with geometrical dimensions, determine the thermal conductivity in the low temperature range. Three samples were subjected to surface treatments before measuring again their thermal conductivity: The isotopically very pure 70 Ge͑99.99%͒, 70 Ge͑95.6%͒, and nat Ge1. The corresponding experimental results are shown in Figs. 6 and 7. The thermal conductivity of nat Ge1 is successively improved below 30 K when the sample, initially ground with 20 m diamond powder, is then ground with 3 m diamond powder and, in a last step, is polish etched with SYTON. 77 We observe a very small increase in (T) detectable only at the lowest temperatures, when a sample ground with 20 m diamond powder is ground with 3 m diamond powder ͑see Fig. 6͒ . However, a significant increase in (T) ͑a factor of 2.5 at 3 K͒ takes place, after polishing with SYTON. Polish etching with CP4 ͑Ref. 78͒ after the SYTON treatment reduces (T) at 3 K by about 30%. This can be taken as a signature of surface deterioration.
The surface of sample 70
Ge͑99.99%͒ was also polished with SYTON and measured in Stuttgart (S) as well as in Moscow (M ): Nearly identical (T) curves were obtained. The enhancement at 3 K after the SYTON treatment also amounts to a factor of 2 ͑see Fig. 7͒ . It can be attributed to increasing specular reflection as a result of improved surface quality. The SYTON treatment thus seems to yield the best Ge surfaces, as revealed by the high values of . Although CP4 also improves the quality of ground surfaces, it is less effective than SYTON. This is supported by measurements of sample 70 Ge͑95.6%͒ ͑see Fig. 7͒ which was first measured Ϫ3 ͑h͒, together with the calculated thermal conductivity curves based on ''Model 1'' ͑Tables II and III͒ with the parameter set B T ϭ2ϫ10 after grinding with 20 m diamond powder and remeasured after polish etching with CP4. This procedure increased by a factor of 1.5 at 3 K, i.e., less than the enhancement expected for SYTON polishing. The same result is obtained when nat Ge1 was polish etched with CP4 after the SYTON treatment ͑Fig. 6͒.
Determination of L E
A precise determination of L E is crucial for correctly describing the (T) curve in our full temperature range. Therefore two methods have been used to extract L E from the experimental data. The first one 36 consists of plotting (T)/T 3 versus T so as to accentuate the behavior of (T) in the region of pure boundary scattering. This procedure is exemplified in the inset of Fig. 7 Ge1 in the same inset: The range of pure boundary scattering is also approached for T→0 but a flat region is not reached in the investigated temperature range, a fact which increases the error in the determination of L E . Therefore we used a second, more reliable method, where the parameter L E is determined from the measured thermal conductivity data below 8 K using a sequence of curves calculated for various values of L E , taking into account two mechanisms, boundary and isotopic scattering ͑the other mechanisms are negligible below 10 K͒. The implementations of this method is illustrated in the inset of Fig. 6 for nat Ge1 with differently prepared surfaces. We deduce for the as-ground sample L E ϭ(3.8Ϯ0.4) mm, a value slightly larger than that evaluated with the first method ͑inset, Fig. 7͒ . For each sample, the value of L E was determined from the data below 8 K according to these two procedures. The effective phonon mean free paths obtained from calculations of (T) including boundary and isotopic scattering are given in Tables I and IV. Boundary-limited thermal conductivity, as found in pure dielectric crystals in the range of liquid helium, results from scattering of phonons at the crystal surface. 50 The thermal conductivity is then proportional to T 3 and depends linearly on the sample dimensions when the surface scattering is strictly diffuse. 50, 53 In such cases, the expression for the thermal conductivity approaches
where C V represents the heat capacity, v B the average sound velocity, and L C the so-called ''Casimir length.'' For a circular cylinder with radius R, this length is equal to L C ϭ2R while for a square or rectangular cross section with side lengths a and b, L C ϭ1.12L G , and L G ϭ(ab) 5 . The relevant relaxation rate as a function of geometrical sample size thus becomes ͓in analogy to Eq. ͑3͔͒:
where i indicates the transverse and longitudinal modes. Table IV lists the parameters L C and L G for the samples under study, as well as the values of the sample widths a and b, length l, and cross section ab. Deviations from the T 3 behavior are likely to occur for several reasons. ͑a͒ The effect of finite sample length, resulting in a decrease of , can be approximated by defining an effective mean free path (1/L E )ϭ(1/L C )ϩ(1/l), where l denotes the length of the sample in the direction of the heat flow. 39, [51] [52] [53] [54] [55] [56] In this case the relaxation rate for boundary scattering B
Ϫ1
can be written in the general form, including the size correction discussed before: .99%͒  and for nat Ge1, used for the determination of the phonon mean free path L E in the low temperature, boundary scattering regime.
Note that we neglected the small effect of details of the sample thermometer arrangement ͑e.g., the position of the thermocouples, see also Sec. II͒, which is discussed in Ref. 79 .
͑b͒ Partial specularity of the phonon scattering at the sample surfaces can decrease the effect of boundary scattering. The sample then appears to have larger dimensions than it actually has. 39, 43, [52] [53] [54] [55] [56] [59] [60] [61] [62] The relaxation rate is then rewritten in the form
The expression for the ''effective'' mean free path L E ͑or the relaxation rate B Ϫ1 ), used for the description of the (T) curves, may encompass various effects and has the form
.
͑23͒
In principle, Eq. ͑23͒ enables us to calculate P from the sample geometry ͑Casimir length͒ and from the effective mean free path L E , determined from the low temperature range in which (T)ϳT 3 . P varies from zero to one. Whenever PϾ0, partial specular reflection occurs ͑e.g., Pϭ0.5 corresponds to a phonon mean free path of three times the geometrical Casimir length with an average of two boundary reflections; Pϭ0.75 yields ϳsevenfold length and sixfold reflexions͒. The determination of P using Eq. ͑23͒ is hampered by the following: ͑a͒ the temperature range of validity of the T 3 law is rather limited in most samples studied, ͑b͒ the influence of isotopic scattering extends down to the lowest temperatures. Hence, the parameters P, E , , and SC have been determined by a variational method accounting for boundary and isotopic scattering: For this purpose we replace (1/ B )ϭ(v B /L E ) in the integrals ͓Eqs. ͑15͒-͑17͔͒ by Eq. ͑22͒, where now B is a function of P and l. The thermal conductivity is then calculated for different values of P below 10 K and finally the value of P which yields the best fit is chosen for each sample. Fig. 8͒ describe the experimental data well from 2 K to 8 K for the diamond ground surfaces but equally well for CP4 and SYTON treated surfaces in a smaller temperature range ͑be-low 4 K͒. This analysis was performed for all our samples, and in addition, for three Ge samples reported in Ref. 52 . Table IV contains the deduced values of P which range from 0.13 ͑1.5L G ) to 0.68 ͑5L G ) for nat Ge1, and from 0.13 to 0.75 for all other samples, with the exception of 70/76 Ge and 70 Ge͑95.6%͒ ͑Table IV͒. P has been taken to be independent of phonon frequency and scattering angle in this simplified evaluation.
Ziman 60 and Soffer 62 considered the problem of phonon diffraction by surface irregularities and showed that the specularity depends on the frequency and the angle of phonon incidence. Soffer defined a frequency-dependent probability 62 TABLE IV. Sample parameters relevant for the determination of the low temperature limited mean free path L E and the specular reflection parameter P. SC is calculated like ͑Ref. 59͒, but including the size correction Eq. ͑22͒ with ͑24͒. Some of the samples had been subjected to different surface treatments.
Geometry
Char. lengths 
where cos⌽ϭ E ; k denotes the phonon wave vector, is the rms height deviation in the surface, and ⌽ the angle of incidence. Since the temperature gradient is along the sample length ⌽ϭ(/2)Ϫ⌰, we obtain the dependence of the specularity.
where iϭT,L, and is the phonon frequency and ⌰ represents the angle between the temperature gradient and the phonon wave vector. The parameter P in Eq. ͑22͒ was replaced by P() and with the integrals ͓Eqs. ͑15͒-͑17͔͒, we computed the thermal conductivity for various values of E .
For all samples, including those of Ref. 52 , this procedure describes (T) much better than assuming that P is independent of . The fitted E values are given in Table IV and range from 23 Å ͑20 m diamond͒ to 10 Å ͑polished with SYTON͒ for nat Ge1 and from 35 Å to 8 Å for all samples. This indicates a three times smoother surface for the SYTON treated sample. We remark that E is not identical to the geometrical surface roughness but it represents an average value of cos⌽, which is smaller than the real geometrical roughness.
Frankl and Campisi 52 applied the expression for the specularity factor given by Soffer 62 and determined E for nat Ge samples and Si with differently prepared surfaces but the agreement between their theoretical and experimental data was not very good. Singh and Foshi 59 suggested, that the main reason for the rather poor agreement results from the averaging of the angular dependence of the specularity factor P. In order to solve this problem, they used the exact expression as given by Soffer and the thermal conductivity can be written as:
where the polarization is longitudinal (iϭ1) and transversal (iϭ2,3), C i (x,⌰) is the combined relaxation time for different phonon modes. Singh and Foshi 59 used this expression to determine the values of and to explain the thermal conductivity of some polished samples of germanium 52 and silicon. 54 However, they did not include isotopic scattering and the size correction in their calculations. They found a quite good agreement between their calculations and their experimental data for Ge samples with different treated surfaces below 3 K; for higher temperatures isotopic scattering cannot be neglected. We now performed, for all our samples and those of Ref. 52 , calculations of (T) ͓using Eq. ͑25͔͒ by varying . This procedure includes ͑a͒ the integration over the frequency and the scattering angle ⌰ of the incident phonons ͑b͒ the size correction ͓Eq. ͑21͔͒, and finally ͑c͒ the consideration of boundary and isotopic scattering processes. Figure 8͑b͒ gives the result for Table IV͒, yield  comparable results. ͑c͒ Anisotropy effects observed in the thermal conductivity originate from the elastic anisotropy and the resulting phonon focusing. 54, 57, 58 Experimental evidence of these effects has been reported for Si. 57 It amounts to a decrease in L E of 28% for ͓100͔ samples and 22% for ͓110͔ samples of dimensions similar to those of our samples. Based on the nearly perfect scaling of the dispersions curves, 80 we expect this effect to be similar in Ge.
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V. DISCUSSION
This work probably constitutes the most comprehensive study of the effect of isotopic composition on thermal conductivity ever made. We have found that it is possible to represent accurately the (T) measured for a given sample using different theories and/or various frequency and temperature dependences of the scattering probabilities. In order to describe (T) for extremely pure crystals, both terms 1 and 2 must be taken into account because of the nonresistive nature of normal processes. This requirement restricts the choice of scattering mechanisms, not only for physical but presumably also for mathematical reasons, i.e., so as to avoid the divergence of some of the integrals involved. Physical considerations led us to look for a unique set of coefficients to represent the seven samples studied and other (T) curves found in the literature. 21 For this purpose neither the model of Callaway 16 nor Holland's modification 19 were successful. We are thus led to a separate treatment of transverse and longitudinal modes ͑this was also found to be necessary for diamond 22, 23, 40 ͒ and to take longitudinal Umklapp processes into consideration.
The simultaneous presence of N-and U-type scattering is thus crucial for successful curve fitting. Both, N and U processes are needed so that the thermal conductivity integrals give meaningful results when the full form of the Callaway theory is used. The longitudinal Umklapp processes are indispensable to obtain the strong decrease of (T) with T observed at higher temperatures. We find that the exponent n of the temperature dependence for the Umklapp scattering rate (B iU 2 T n exp
, iϭT,L) strongly influences (T) above the maximum. From theoretical models, values between nϭϪ1 and nϭ6 have been reported, we only find nϭ1 acceptable for fitting our data, in agreement with the results in Refs. 23,71,72,74. This conclusion supports suggestions 14, 36, 43, 75, 38 that while the heat flow above the maximum of (T) is primarily due to transverse phonons, longitudinal Umklapp processes also play a role. Using the parameters of Table III we find that N Ϫ1 is much larger (ϳ three orders of magnitude͒ than U Ϫ1 . Similar conclusions have been reached for diamond. 23 B LU and B TU were fitted independently since there is no reason why they should be equal, although they may be expected to be of the same order of magnitude. C T and C L ͑appearing in the exponential factor of the Umklapp processes͒ were taken to be different, scaling like the Debye temperatures for the corresponding T and L branches, T ϭ118 K and L ϭ333 K. Usually the exponent C i is denoted as C i ϭ/x with 2ϽxϽ6, depending on the power of the temperature, taken from the literature. 53 Our fits yield an x value of about 3, the value of x most frequently found in the literature. Isotope effects are clearly detected at low and at high temperatures ͑300 K͒. The measured variation of m with the mass variance g ͑Fig. 3͒ clearly confirms, over a large range of isotopic compositions, that the isotopic scattering is well represented by the point defect theory of Klemens. 35 At low temperatures the measured curves show a T 2 to T 3 dependence for (T); the deviation from T 3 expected for boundary scattering originates from isotopic scattering alone. A higher value of the mass variance g shifts the overall (T) curve towards lower thermal conductivities, while m occurs at slightly lower temperatures and, consequently, the range of T 3 dependence begins at lower temperatures ͑Figs. 1 and 3͒.
Our modified Callaway/Holland formalism describes the effect of isotopic disorder at any temperature below 200 K. ͑This becomes obvious from Fig. 3 which shows the m values vs the variance g and the influence of the effective phonon mean free path L E and dislocations.͒ Within the experimental errors, the influence of dislocations on m is negligible when gϾ10 Ϫ4 , the general case for the samples studied. Sample 70/76 Ge has a lower m ͑a͒ for geometrical reasons ͑with L E ϭ0.7 mm͒ since cross section and length are much smaller than those of the other samples studied ͑see Table I͒ and ͑b͒ due to its ͓110͔ orientation.
The (T) curves fitted as described above give around the maximum values somewhat higher than the experimental ones. The largest deviation is observed for 70 Ge͑99.99%͒ where the calculated m exceeds the experimental data by a factor of two ͓Fig. 4͑a͒ and Fig. 5͑a͔͒ . We interpret this as the effect of additional scattering mechanisms, in particular, the presence of dislocations.
The fitted curves obtained, using the model of Holland with (T)ϭ 1 ( 2 ϭ0) also surpass the measured data with the exception of the isotopically pure 70 Ge͑99.99%͒ sample for which the opposite was observed. In order to improve the fits we had to assume a variation of the prefactor of the normal processes with g: This prefactor (B T ) for 70 Ge͑99.99%͒ turned out to be half the value of that found for other isotopic compositions. This dependence of B T disappeared when using ''Model 1'' at the expense of deviations. Dislocation scattering is the most reasonable among the possible mechanisms which can be invoked to eliminate these deviations ͑see Fig. 3 and Fig. 5͒ . The calculated thermal conductivities are barely changed by weak dislocation scattering, with the exception of 70 Ge͑99.99%͒. The difference between the curves calculated with and without dislocations disappears quickly with increasing g. It is not detectable for 70/76 Ge, as displayed in Fig. 5͑b͒ and also not for all other samples.
Similar procedure has been used to calculate the m as a function of g for dislocation-free crystals. The results are shown as a continuous line in Fig. 3 for different values of L E . We deduce m Ϸ12 kW/mK for gϭ10 Ϫ6 , and m Ϸ20 kW/mK for gϭ10 Ϫ7 under the assumption, that there are no dislocations. Assuming L E ϭ3.6 mm and a dislocation-free sample of 70 Ge͑99.99%͒, then the thermal conductivity is about 20 kW/mK near 20 K, instead of the 10.5 kW/mK found experimentally.
The results given in Figs. 6 to 8 and listed in Table IV underscore the importance of surface preparation on the magnitude of (T) near and below m for samples with sufficient isotopic purity. The theory of the Ziman 60 and Soffer 62 enables us to describe the influence of the various degrees of surface polishing on the temperature dependence of (T) for all samples with a given geometry and mass variance. A single parameter, the specularity factor P, is sufficient to account for effects resulting from the surface roughness.
The enhancement of due to specular reflection is considerably larger at the lower temperatures than at higher ones. An interesting feature is the observation that the higher the boundary-limited thermal conductivity, the lower the temperature below which the T 3 law is valid ͑Fig. 1͒. Inspection of the samples with ͓100͔ orientation in Table  IV 5 . This can be explained by the influence of dislocation scattering which is very pronounced in this sample. There is overall agreement between our data and the earlier reports in Refs. 6,7,52,55. The improvement of (TϽ10 K) between sand-blasted and best-polished samples of Ge along the ͓100͔ direction amounts to a factor of three.
With regards to the effect of sample orientation on the thermal conductivity the data of L E in Table IV seems to confirm the results reported by Frankl and Campisi 52 that germanium, with an orientation in either the ͓110͔ ͑or the ͓111͔͒ direction, possesses near 2 K a (T) which is only 75% or ͑50%͒ of that for a sample oriented along ͓100͔ ͓see also (3 K) in Table I͔ . Our samples 70 Ge͑95.6%͒ and 70/76 Ge are oriented along ͓110͔ and fit into this scheme. Recently, it was observed that for Ge with natural isotopic composition the thermal conductivity in ͓100͔ direction is 50% higher than in the ͓111͔ direction below T m . 82 For all samples studied ͑Table IV͒ L C рL E with the exception of 70 Ge͑95.6%͒. For this sample we could not find suitable values for the surface characterization, to fit the low temperature data, because of the influence of electronic carrier scattering (pϷ10 16 cm Ϫ3 ). Unfortunately, the number of samples presently available to us is insufficient to make any more precise statements on the orientational anisotropy of (T). For this purpose isotopically pure samples of various orientations would be required.
VI. CONCLUSIONS
The present analysis of the thermal conductivity of Ge samples with several isotopic compositions, using a modified Callaway/Holland formalism, works well below 200 K. A single set of parameters describes the interplay of the different scattering mechanisms even when individual contributions vary over a wide range, e.g., isotopical disorder, geometry, etc. The modified Callaway/Holland model enables us to predict (T) for a Ge sample with defined geometry and isotopic composition, and leads to the following conclusions:
͑a͒ The full form of the Callaway integrals ( 1 ϩ 2 ) must be computed in the case of isotopically pure samples ͑normal scattering processes are not entirely resistive͒ in order to obtain meaningful results for (T). The separation into transverse and longitudinal modes is necessary.
͑b͒ Normal processes and longitudinal Umklapp processes cannot be neglected.
͑c͒ The detailed structure of the phonon density of states does not play a significant role in the representation of (T). The use of a more realistic phonon dispersion, instead of the Debye spectrum ͑as done by Holland͒, does not improve the agreement between measured and calculated data.
͑d͒ The temperature and frequency dependences for the individual scattering mechanisms proposed by Klemens 15 and Herring 14 are supported by this study. ͑e͒ Isotopic scattering cannot be neglected in the analysis of the low temperature thermal conductivity of germanium.
͑f͒ The effects of sample geometry, surface treatment ͑roughness͒, dislocation density, and orientation are strongly enhanced with increasing isotopic purity since these parameters govern the effective phonon mean free path, and therefore (T), near and below T m . Specular reflection can be treated by the theory of Ziman 60 and Soffer.
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͑g͒ The improvement of (T) by optimized surface treatment, e.g., polish etching with SYTON, does barely exceed a factor of two; the geometrical parameters are dominant.
͑h͒ The Callaway method is not adequate for higher energy phonons: It overestimates scattering rates and thus underestimates (T). Any extra scattering mechanism, e.g., multiple phonon scattering, would tend to reduce (T) even further. A description of (T) over a wider range of T would require a much more structured dependence of the scattering parameters over that T range and the whole Brillouin zone. The complexity of the scattering processes involved and their interplay ͑by the integrals͒ makes it unlikely at present to find any better procedure of comparable simplicity.
In summary, we have presented measurements of the thermal conductivity (T) of high purity germanium single crystals with several isotopic concentrations covering the range from maximum mass variance ( 70/76 Ge͒ to high isotopic purity " 70 Ge(99.99%)…. The latter sample has been shown to exhibits an increase in m ͑found at 16.5 K͒ by a factor of Ϸ8 with respect to natural germanium, while for the 70/76 Ge sample m is 1.8 times lower. The results have been fitted to a modified Callaway/Holland theory with three adjustable parameters for each phonon branch to describe anharmonic phonon scattering. A detailed investigation of the low temperature region has allowed us to obtain values of the effective sample cross section which is enhanced compared to the geometrical one by effects of focusing plus finite sample length. This cross section increases when coarse ground sample surfaces are polish etched with SYTON. The results have been compared with other available data for natural Ge 52 and with early results for an isotopically enriched 74 Ge sample. 21 
